Recently, a conformally invariant model of interacting two massless particles in Minkowski space was proposed by Casalbuoni and Gomis [1] . We extend this model to the case of de Sitter space in terms of embedding coordinates by assuming that two particles interact with each other along the geodesic connecting them. We analyze the Hamiltonian formalism in accordance with Dirac's prescription for constrained system. As a result, we find the first-class constraints that lead to a fourth-order differential equation for bilocal fields after canonical quantization. This result is analogous to Casalbuoni and Gomis' analysis performed in Minkowski space.
I. INTRODUCTION
Recently, a conformally invariant model of interacting two massless particles in Minkowski space was reported by Casalbuoni and Gomis [1] . The authors introduced the interaction by adding a term S int into the action S 0 = dτ L 0 of free two massless particles in such a manner that the resulting action S := S 0 + S int keeps the invariance of the original system under both the reparameterization of the worldline parameter and the conformal transformation in Minkowski space. As a result, the interaction term S int is uniquely determined to consist of the relative coordinates r µ = x µ 1 − x µ 2 (µ = 0, 1, 2, 3) and two einbeins e 1 , e 2 as S int = dτ V (r) , V (r) = − α 2 4 √ e 1 e 2 r 2 ,
where α is the coupling constant, and r 2 = η µν r µ r ν with η µν = diag(+, −, −, −). Therefore, S is given as
In the Hamiltonian analysis based on this action, the reparameterization invariance causes the first-class constraint being replaced by a fourth-order differential equation for a bilocal field φ(x 1 , x 2 ) after canonical quantization. This result is due not only to the reparameterization, but also the existence of the conformally invariant potential V (r). A fourth-order equation analogous to the above equation for the limit α → 0 appears in higher spin theories (see, for example, Sec. 4. 3 in Ref. [2] ). The squared relative coordinates r 2 in Eq. (2) can be viewed as the squared geodesic distance σ 2 for Minkowski space. Thus the massless particles described the action (2) interact with each other along the geodesic linking them. An early study for such a system in a curved background is considered for a shockwave background in Ref. [3] . From this point of view, by replacing r 2 and η µν with σ 2 and a generic metric g µν (x), respectively, we generalize the action (2) in a curved background,
The purpose of this paper is to analyse Lagrangian and Hamiltonian formulations governed by the action (3) for de Sitter space. To this end, we use ambient space formalism and express the geodesic distance in terms of embedding coordinates. After specifying the Lagrangian, we derive all the constraints in the Hamiltonian formulation and classify them into the first-and second-class constraints in accordance with Dirac's procedure for constrained systems. As the result, we find the first-class constraint to be a fourth-order differential equation for bilocal fields, just like the original Minkowski background case.
II. LAGRANGIAN FORMULATION IN DE SITTER SPACE
In this section, we consider the action (3) in de Sitter space, within ambient space formalism.
The 4-dimensional de Sitter space dS 4 of radius R can be embedded into the hyperboloid in (1 + 4)-dimensional Minkowski space R 4,1 ,
where X A (A = 0, 1, 2, 3, 5) are embedding coordinates and η AB = diag(+1, −1, −1, −1, −1). In terms of embedding coordinates, a Lagrangian for two free massless particles in de Sitter space is written as
where X A i = X A i (τ ) (i = 1, 2) are the positions of two particles and λ i (i = 1, 2) are the multipliers. The dot over a variable denotes its derivative with respect to the worldline parameter τ .
In this paper, we consider the case that two particles are spacelike separated, in which the geodesic distance σ(X 1 , X 2 ) (cf. [4] ) is expressed as
Thus the potential V for de Sitter space is given as
From Eqs. (5), (7), we consider the action
The action S dS leaves invariant under the isometry of de Sitter space,
where L = (L A B ) ∈ SO(4, 1). Although the action S for Minkowski space is invariant under conformal isometry in Minkowski space, the S dS is not invariant under conformal isometry in de Sitter space.
An alternative way for generalizing Eq. (2) to the case of de Sitter space is given by the action
It can be shown that S alt is invariant under an infinitesimal conformal transformation in de Sitter space [5] ,
with no sum over i, where b A are infinitesimal constant parameters of the transformation. In the following sections, we concentrate the analysis on the basis of the action S dS .
III. HAMILTONIAN FORMULATION
In this section, we consider the constrained Hamilton system governed by the Lagrangian (8) in accordance with Dirac's procedure.
We treat (X A 1 , X A 2 , e 1 , e 2 , λ 1 , λ 2 ) as the canonical coordinates and define the canonical momenta (P 1A , P 2A , P e1 , P e2 , P λ1 , P λ2 ) conjugate to them as
The nonvanishing Poisson brackets between all the canonical variables are
From Eq. (14), the canonical Hamiltonian H C is obtained by the Legendre transform of L as
Eqs. (14c)-(14d) are treated as primary constraints
where the symbol "≈" denotes weak equality and φ's are referred to as constraint quantities for primary constraints. Introducing Lagrange multipliers u e1 , u e2 , u λ1 , u λ2 for the primary constraints, we define the total Hamiltonian as
The τ evolution of a function f of the canonical variables is governed byḟ
Using this equation and Eq. (15), the τ evolution of the constraint quantities for primary constraints are eval-uated asφ
The consistency conditions (φ e1 ,φ e2 ,φ λ1 ,φ λ2 ) ≈ 0 require secondary constraints:
where χ's are constraint quantities for secondary constraints. The τ evolution of χ's are obtained aṡ
with K := R 4 − (X 1 · X 2 ) 2 and ε − := e 1 P 1 ·X 2 −e 2 P 2 · X 1 . From the consistency conditions for Eq. (23c), two more constraints are required:
Together with these, the consistency conditionsχ e1 ≈ 0 andχ e2 ≈ 0 become identical and give the single condition
The consistency conditionsχ 5 ≈ 0 andχ 6 ≈ 0 give further secondary constraints
From Eq. (22) and these equations, it can be shown that
(28) Using these weak equalities, we find that the consistency conditionsχ 7 ≈ 0 andχ 8 ≈ 0 determine u λ1 and u λ2 as
where ε + := e 1 P 1 · X 1 + e 2 P 2 · X 1 , (30)
Thus, no new constraints are derived at this point. While the multipliers u − , u λ1 , and u λ2 are determined, u + remains undetermined due to the τ reparameterization invariance of the system.
To classify all the constraints into first-and secondclass, we consider the following set of linear combinations of the constraint functions ψ a (a = 1, 2, . . . , 12):
with P := e 1 P 2 1 + e 2 P 2 2 . The Poisson brackets between the new constraint functions form the 12 × 12 matrix
where C = (C ab ) (a, b = 1, 2 . . . , 10) is
Therefore, the constraints ψ 11 ≈ 0 and ψ 12 ≈ 0 are classified as first class and the constraints ψ a ≈ 0 (a = 1, 2, . . . , 10) are classified as second class. The inverse matrix C −1 = [(C −1 ) ab ] of C reads as
(37)
Using this inverse matrix, we can define the Dirac bracket {F, G} D between any functions of canonical variables as
The nonvanishing Dirac brackets between the canoni-cal variables are
with no summation over i, j, where σ 11 = σ 22 = 0, σ 12 = σ 21 = 1 and ε ij = −ε ji with ε 12 = 1.
As long as the Dirac bracket is being used, the secondclass constraints can be set to zero strongly. Thus, the first-class constraint ψ 12 ≈ 0 becomes ψ 12 = e 1 χ e1 + e 2 χ e2 = e 1 P 2 1 + e 2 P 2 2 −
The second-class constraints (34a) and (34b) imply 
This first-class constraint is precisely a de Sitter version of one derived in Ref. [1] .
As can be seen from Eq. (39), under the Dirac bracket, (X A i , P A i ), (e i , P ei ), (λ i , P λi ) are no longer the pairs of canonical variables because of the second-class constraints. In order to extract canonically conjugate pairs, we define x µ i , p µ i (i = 1, 2 ; µ = 0, 1, 2, 3) by
e := e 1 e 2 2 (44c) π := e 1 P e1 + e 2 P e2 e 1 e 2 (44d) with
where X i · X i := η µν X µ i X ν i , P i · X i := η µν P µ i X ν i (no sum with respect to i) and η µν = diag(+, −, −, −).
We can find that (x µ i , p ν i ) and (e, π) are the pairs of canonical variables under the Dirac bracket:
Using the new variables (44c)-(44d), the first-class constraint ψ 11 ≈ 0 becomes
Since ψ 11 ≈ 0 is first-class, taking the following constraint in stead of ψ 11 itself does not affect the classification of the constraints:
Hereafter, we considerψ 11 ≈ 0 and Λ ≈ 0 in Eq. (43) as the first-class constraints. By using Eqs. (44a) and (44b), P 2 i and X 2 i in Eq. (43) are written as
where X 5 1 and X 5 2 are given in Eq. (45).
IV. CANONICAL QUANTIZATION
In this section, we perform the canonical quantization of the constrained Hamiltonian system studied in the previous section.
We set the commutation relations betweenf andĝ corresponding to functions f and g of canonical variables, in such manner 
ê,π = −i .
In the quantization procedure, the first-class constraints lead to the physical state condition π |ϕ = 0 ,
Λ |ϕ = 0,
where |ϕ is a physical state. In defining the operatorΛ, we take the Weyl ordering rule. In x-representation, the physical state conditions become simultaneous differential equations for ϕ(x 1 , x 2 , e) := x 1 , x 2 , e|ϕ where x 1 , x 2 , e| is a simultaneous eigenstate of x 1 , x 2 , e. Eq. (55) in xrepresentation implies that ϕ(x 1 , x 2 , e) does not depend on the variable e: ∂ ∂e ϕ(x 1 , x 2 , e) = 0 .
Thus ϕ(x 1 , x 2 , e) = ϕ(x 1 , x 2 ) and the physical state condition (56) determines a differential equation on a bilocal field ϕ(x 1 , x 2 ) as
